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Definition

Let X be a finite CW complex of dimension k, n > 1 be an integer and
P € Mp(C(X)) a projection.

o & = E A
Huaxin Lin Department of Mathematics Univ( Locally AH-algberas



Definition

Let X be a finite CW complex of dimension k, n > 1 be an integer and

P € M,(C(X)) a projection. Denote by Z(k) the family of all C*-algebras
with the form PM,(C(X))P.

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 2/31



Definition

Let X be a finite CW complex of dimension k, n > 1 be an integer and

P € M,(C(X)) a projection. Denote by Z(k) the family of all C*-algebras
with the form PM,(C(X))P.

Definition
A unital C*-algebra is said to be AH,

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 2 /31



Definition

Let X be a finite CW complex of dimension k, n > 1 be an integer and

P € M,(C(X)) a projection. Denote by Z(k) the family of all C*-algebras
with the form PM,(C(X))P.

Definition
A unital C*-algebra is said to be AH, if A =Ilim,_,o A, where A, € Z(k),
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Let A be a unital C*-algebra. We say A is a locally AH, if, for any € > 0,
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Definition
Let A be a unital C*-algebra. We say A is a locally AH, if, for any € > 0,
any finite subset F C A, there exists a C*-algebra B € Z(¥) such that

dist(x, B) < €

for all x € F. )
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A unital simple AH-algebra is said to be of no dimension growth,
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A unital simple AH-algebra is said to be of no dimension growth, if

A =lim,_o A,, where A, = P,,Mr(,,)(C(X,,))P,, and where {dimX,} is
bounded.
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A unital simple AH-algebra is said to be of no dimension growth, if

A =lim,_o A,, where A, = P,,Mr(,,)(C(X,,))P,, and where {dimX,} is
bounded.

Suppose that X, = Y,1U Ypo U --- Y,,7m(,,), where Y, ; is connected.
Then A is said to be of slow dimension growth, if

dimY,

= 0.
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Huaxin Lin Department of Mathematics Univi June 22nd, 2011, Shanghai 4 /31



Definition

A unital simple AH-algebra is said to be of no dimension growth, if

A =lim,_o A,, where A, = P,,I\/I,(,,)(C(X,,))P,, and where {dimX,} is
bounded.

Suppose that X, = Y1 U Yo U --- Y,,Vm(n), where Y), j is connected.
Then A is said to be of slow dimension growth, if

. dimY, ;
lim sup{max :

=0.
n o J l+rankey,; P(x)}

Definition

A unital C*-algebra is said to be locally AH with slow dimension growth,if
for any € > 0, any finite subset 7 C A and any integer K > 1, there exists
B € Z(K for some integer k with the form B = PM,(C(X))P, where
X=YiUYoU---UYpy, Yis connected finite CW complex

Huaxin Lin Department of Mathematics Univi June 22nd, 2011, Shanghai 4 /31



Definition

A unital simple AH-algebra is said to be of no dimension growth, if

A =lim,_o A,, where A, = P,,I\/I,(,,)(C(X,,))P,, and where {dimX,} is
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Suppose that X, = Y1 U Yo U --- anm(n), where Y), j is connected.
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A unital C*-algebra is said to be locally AH with slow dimension growth,if
for any € > 0, any finite subset 7 C A and any integer K > 1, there exists
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A unital simple AH-algebra is said to be of no dimension growth, if

A =lim,_o A,, where A, = P,,I\/I,(,,)(C(X,,))P,, and where {dimX,} is
bounded.

Suppose that X, = Y1 U Yo U --- anm(n), where Y), j is connected.
Then A is said to be of slow dimension growth, if
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Definition

A unital C*-algebra is said to be locally AH with slow dimension growth,if
for any € > 0, any finite subset 7 C A and any integer K > 1, there exists
B € Z(K for some integer k with the form B = PM,(C(X))P, where
X=YiUYoU---UYp, Yis connected finite CW complex such that

rankP(x)
dimY; + 1
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Theorem
(Elliott-Gong-Li)
Let A and B be two unital simple AH-algebras with no dimension growth.
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Theorem
(Elliott-Gong-Li)

Let A and B be two unital simple AH-algebras with no dimension growth.
Suppose that

(Ko(A), Ko(A)+, [1a], K1(A), T(A), pa) = (e0.1)

(Ko(B), Ko(B)+:[18], Ki(B), T(B), ps).
Then A= B. )
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Theorem
(Elliott-Gong-Li)

Let A and B be two unital simple AH-algebras with no dimension growth.
Suppose that

(Ko(A), Ko(A)+, [1a], K1(A), T(A), pa) = (e0.1)
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Then A= B.

(e0.1) means the following:
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Theorem

(Elliott-Gong-Li)

Let A and B be two unital simple AH-algebras with no dimension growth.
Suppose that

(KO(A)7 KO(A)-H [1A]7 Kl(A)a T(A)v pA) = (eO.l)
(KO(B)? KO(B)-H [1B]7 Kl(B)7 T(B)v pB)'

Then A= B.

(e0.1) means the following: There is an order isomorphism

ko : Ko(A) — Ko(B) such that ko([14]) = [1B], an isomorphism

k1 : K1(A) — Ki(B) and an affine homeomorphism 7 : T(B) — T(A)
such that pg(ro([p]))(7) = (pa(lp]))(n(7)) for all projections p € Moo (A),
and 7 € T(B),
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Theorem

(Elliott-Gong-Li)

Let A and B be two unital simple AH-algebras with no dimension growth.
Suppose that

(KO(A)7 KO(A)-H [1A]7 Kl(A)a T(A)a pA) = (eO.l)
(KO(B)? KO(B)-H [1B]7 Kl(B)7 T(B)v pB)'

Then A= B.

(e0.1) means the following: There is an order isomorphism

ko : Ko(A) — Ko(B) such that ko([14]) = [1B], an isomorphism

k1 : K1(A) — Ki(B) and an affine homeomorphism 7 : T(B) — T(A)
such that pg(ro([p]))(7) = (pa(lp]))(n(7)) for all projections p € Moo (A),
and 7 € T(B), where pa: Ko(A) — Aff(T(A)) and

pB : Ko(B) — Aff(T(B)) are the induced maps, respectively.
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By a result of L, the above isomorphism theorem works for all unital
simple AH-algebras which are Z-stable.
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By a result of L, the above isomorphism theorem works for all unital
simple AH-algebras which are Z-stable.

Theorem

(W. Winter)
Unital simple AH-algebras with slow dimension growth are Z-stable.
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By a result of L, the above isomorphism theorem works for all unital
simple AH-algebras which are Z-stable.

Theorem

(W. Winter)

Unital simple AH-algebras with slow dimension growth are Z-stable.
So the above isomorphism theorem works for unital simple AH-algebras
with slow dimension growth.

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 6 /31



Question 1: Does EGL theorem work for locally AH-algebras with slow
dimension growth?
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Question 1: Does EGL theorem work for locally AH-algebras with slow
dimension growth?

Facts:

1. "Locally AF"=AF.

2. "Locally circle” algebras = AT -algebras.

3. (Dadarlat-Eilers) Inductive limits of AH-algebras may not be
AH-algebras.

4. Combing a result of L and Villadsen, Winter gave the following:

A unital simple separable locally AH-algebras with real rank zero, stable
rank one and weakly unperforated Kp-group is in fact an AH-algebra with
no dimension growth.
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Definition
A unital simple C*-algebra A is said to have tracial rank at most k, if the
following holds:
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ac A+\{O}7

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 8 /31



Definition

A unital simple C*-algebra A is said to have tracial rank at most k, if the
following holds: For any € > 0, any finite subset 7 C A and any

a € Ap \ {0}, there exists a projection p € A,
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with 15 = p
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A unital simple C*-algebra A is said to have tracial rank at most k, if the
following holds: For any ¢ > 0, any finite subset 7 C A and any

a€ Ay \ {0}, there exists a projection p € A, a C*-subalgebra B € Z(¥)

with 15 = p such that

llpx — xp|| < € for all x € F;

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 8 /31



Definition

A unital simple C*-algebra A is said to have tracial rank at most k, if the
following holds: For any ¢ > 0, any finite subset 7 C A and any
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A unital simple C*-algebra A is said to have tracial rank at most k, if the
following holds: For any ¢ > 0, any finite subset 7 C A and any

a€ Ay \ {0}, there exists a projection p € A, a C*-subalgebra B € Z(¥)

with 15 = p such that

llpx — xp|| < € for all x € F;

dist(pxp, B) < € for all x € F,

1-p<a
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Definition

A unital simple C*-algebra A is said to have tracial rank at most k, if the
following holds: For any ¢ > 0, any finite subset 7 C A and any

a€ Ay \ {0}, there exists a projection p € A, a C*-subalgebra B € Z(¥)

with 15 = p such that

llpx — xp|| < € for all x € F;

dist(pxp, B) < € for all x € F,

1-p<a

In this case, we will write TR(A) < k. If TR(A) < k but TR(A) £ k — 1,
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Definition

A unital simple C*-algebra A is said to have tracial rank at most k, if the
following holds: For any ¢ > 0, any finite subset 7 C A and any

a€ Ay \ {0}, there exists a projection p € A, a C*-subalgebra B € Z(¥)

with 15 = p such that

llpx — xp|| < € for all x € F;

dist(pxp, B) < € for all x € F,

1-p<a

In this case, we will write TR(A) < k. If TR(A) < k but TR(A) £ k —1,
we write TR(A) = k.
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Theorem

(L)
Let A and B be two unital separable simple amenable C*-algebras with
TR(A), T(B) <1 which satisfy the UCT.
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Theorem

(L)
Let A and B be two unital separable simple amenable C*-algebras with
TR(A), T(B) < 1 which satisfy the UCT. Suppose that

(KO(A)7 KO(A)-H [1A]7 Kl(A), T(A), pA) =
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Theorem

(L)
Let A and B be two unital separable simple amenable C*-algebras with
TR(A), T(B) < 1 which satisfy the UCT. Suppose that
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Theorem
(L)

Let A and B be two unital separable simple amenable C*-algebras with
TR(A), T(B) < 1 which satisfy the UCT. Suppose that

(KO(A)v KO(A)-I—: [1A]7 Kl(A), T(A), pA) =
(KO(B)7 KO(B)+> [1B]? Kl(B)7 T(B)a pB)‘
Then A= B.
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Theorem

(L)
Let A and B be two unital separable simple amenable C*-algebras with
TR(A), T(B) < 1 which satisfy the UCT. Suppose that

(KO(A)7 KO(A)-H [1A]7 Kl(A), T(A), pA) =
(KO(B)? KO(B)-H [1B]a Kl(B), T(B), pB).

Then A= B.

From a result of Gong, every unital simple AH-algebra with " very slow”
dimension growth has tracial rank at most one.
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Theorem

(L)
Let A and B be two unital separable simple amenable C*-algebras with
TR(A), T(B) < 1 which satisfy the UCT. Suppose that

(KO(A)7 KO(A)-H [1A]7 Kl(A), T(A), pA) =
(KO(B)? KO(B)-H [1B]a Kl(B), T(B), pB).

Then A= B.

From a result of Gong, every unital simple AH-algebra with " very slow”
dimension growth has tracial rank at most one.
Question 2: What about tracial rank 2, 3, ...7
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Gong’s decomposition theorem.
Let X be a connected finite simplicial complex, and € > 1 > 0. For any
0 > 0, there is an integer L > 0 such that the following holds.
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Gong’s decomposition theorem.

Let X be a connected finite simplicial complex, and € > 1 > 0. For any

6 > 0, there is an integer L > 0 such that the following holds.Suppose that
F C C(X) is a finite set such that dist(x, x") < 2 implies

[f(x) — f(x")| < eforall feF.
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homomorphism with the property sdp(7, d), and
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mutually orthogonal projections Qp, Q1, Q2 € My (C(Y)), a map

¢o € Map(C(X), QM (C(Y))Qo)
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rankg(1) > 2J - L22L(dimX + dimY + 1)3, where Y is a connected finite
simplicial complex and J is any fixed positive integer, then there are three
mutually orthogonal projections Qp, Q1, Q2 € My (C(Y)), a map

¢o € Map(C(X), QuMk(C(Y))Qo) and two homomorphisms

¢1 € Hom(C(X); QIMk(C(Y))Q1); and

P € Hom(C(X), Qng(C(Y)PQz)l such that

(1) (1) = Qo + Q1 + Q2
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6 > 0, there is an integer L > 0 such that the following holds.Suppose that
F C C(X) is a finite set such that dist(x, x") < 2 implies

If(x) — f(X")| < eforall f € F.If ¢: C(X)— Mi(C(Y))is a
homomorphism with the property sdp(7, d), and

rankg(1) > 2J - L22L(dimX + dimY + 1)3, where Y is a connected finite
simplicial complex and J is any fixed positive integer, then there are three
mutually orthogonal projections Qp, Q1, Q2 € My (C(Y)), a map

¢o € Map(C(X), QuMk(C(Y))Qo) and two homomorphisms

¢1 € Hom(C(X); QIMk(C(Y))Q1); and

P € Hom(C(X), Qng(C(Y)PQz)l such that

(1) ¢(1) = Qo + Q1 + Q2;

2)lo(F) — (¢o(f) + ¢1(f) + P2(f)|| < € for all f € F;
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Gong’s decomposition theorem.

Let X be a connected finite simplicial complex, and € > 1 > 0. For any

6 > 0, there is an integer L > 0 such that the following holds.Suppose that
F C C(X) is a finite set such that dist(x, x") < 2 implies

If(x) — f(X")| < eforall f € F.If ¢: C(X)— Mi(C(Y))is a
homomorphism with the property sdp(7, d), and

rankg(1) > 2J - L22L(dimX + dimY + 1)3, where Y is a connected finite
simplicial complex and J is any fixed positive integer, then there are three
mutually orthogonal projections Qp, Q1, Q2 € My (C(Y)), a map

¢o € Map(C(X), QuMk(C(Y))Qo) and two homomorphisms

¢1 € Hom(C(X); QIMk(C(Y))Q1); and

P € Hom(C(X), Qng(C(Y)PQz)l such that

(1) ¢(1) = Qo + Q1 + Q2;

2)lo(F) — (¢o(f) + ¢1(f) + P2(f)|| < € for all f € F;

(3) The homomorphism ¢» factors through C([0,1]) as

¢2 : C(X) — C[O, ].] — QQMk(C(Y))Qz :

Furthermore, if Y # pt, then the map from C([0,1]) to QoM,(C(Y))Qz
is injective;
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(4) The set (¢o + ¢1)(F) is approximately constant to within ¢;
(5) @ =p1+ -+ pn with J[Qo] < [pi] (i =1,...,n), ¢ is dened by
$1(f) = Qoo (f)Qo, and ¢y is dened by

ou(F) =3 Fx)pi
j=1

for all f € C(X); where po, p1, ..., pn are mutually orthogonal projections
and {x1,x2,...,x,} C X is an e-dense subset of X.
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Roughly, it states the following:
Suppose that ¢ : C(X) — B = PM(C(Y))P is a unital
HOMOMORPHISM.
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Roughly, it states the following:

Suppose that ¢ : C(X) — B = PM(C(Y))P is a unital
HOMOMORPHISM. Suppose it is "rigid", rank P is large enough
(depending on the degree of "rigidity”), then ¢ ~ ¢¢ + ¢1 + @2, where
P2 = 1 012,
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Roughly, it states the following:

Suppose that ¢ : C(X) — B = PM(C(Y))P is a unital
HOMOMORPHISM. Suppose it is "rigid", rank P is large enough
(depending on the degree of "rigidity”), then ¢ ~ ¢¢ + ¢1 + @2, where
¢2 = 1092, P2 1 C(X) = C([0,1]) and ¥z : C([0,1]) — QBQ,
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Roughly, it states the following:

Suppose that ¢ : C(X) — B = PM(C(Y))P is a unital
HOMOMORPHISM. Suppose it is "rigid", rank P is large enough
(depending on the degree of "rigidity”), then ¢ ~ ¢¢ + ¢1 + @2, where
G2 =11 0P, Yo 1 C(X) — C([0,1]) and 91 : C([0,1]) — QBQ, where
Q € B is a projection
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Roughly, it states the following:

Suppose that ¢ : C(X) — B = PM(C(Y))P is a unital
HOMOMORPHISM. Suppose it is "rigid", rank P is large enough
(depending on the degree of "rigidity”), then ¢ ~ ¢¢ + ¢1 + @2, where
gf)g = 1/)1 O¢2, ¢2 : C(X) — C([O, 1]) and ¢1 : C([O, 1]) — QBQ, where
Q € B is a projection and 1 — @ is small.
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Question 3:

Can we replace ¢ (in Gong's decomposition theorem) by a map which is
only approximately multiplicative?
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Question 3:

Can we replace ¢ (in Gong's decomposition theorem) by a map which is
only approximately multiplicative?

If we could, we should be able to answer Question 1 and 2.

It has been an open question ever since Gong's decomposition first
appeared around 1997.
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Theorem

Let A and B be two unital simple separable C*-algebras which are locally
AH-algebras with slow dimension growth.
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Theorem

Let A and B be two unital simple separable C*-algebras which are locally
AH-algebras with slow dimension growth. Suppose that

(KO(A)7 KO(A)+7 [1A]7 Kl(A), T(A), pA) =
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Theorem
Let A and B be two unital simple separable C*-algebras which are locally
AH-algebras with slow dimension growth. Suppose that
(Ko(A), Ko(A)+, [1a], Ki(A), T(A), pa) =
(Ko(B), Ko(B)+, [18], Ki(B), ps).

Then A= B.
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Theorem

Let A and B be two unital simple separable C*-algebras which are locally
AH-algebras with slow dimension growth. Suppose that

(KO(A)7 KO(A)+7 [1A]7 Kl(A), T(A), pA) =
(KO(B)a KO(B)-H [1B]a KI(B),PB).

Then A= B.

Theorem

Let A be a unital separable simple amenable C*-algebra with finite tracial
rank which satisfies the UCT. Then TR(A) < 1.
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Definition
Let A be a unital simple C*-algebra. We say A is in C; if the following
holds:
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Definition

Let A be a unital simple C*-algebra. We say A is in C; if the following
holds: For any finite subset 7 C A, any ¢ > 0, any a € A, \ {0} and any
n > 0, there exists a projection p € A and a C*-subalgebra B € Z(9) with

1B:p
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Let A be a unital simple C*-algebra. We say A is in C; if the following
holds: For any finite subset 7 C A, any ¢ > 0, any a € A, \ {0} and any
n > 0, there exists a projection p € A and a C*-subalgebra B € Z(9) with
1g = p such that

llpa — ap|| < € for all a € F;
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Definition
Let A be a unital simple C*-algebra. We say A is in C; if the following
holds: For any finite subset 7 C A, any ¢ > 0, any a € A, \ {0} and any
n > 0, there exists a projection p € A and a C*-subalgebra B € Z(9) with
1g = p such that

llpa — ap|| < € for all a € F;

dist(pap, B) < € for all a € F;

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 15 / 31



Definition
Let A be a unital simple C*-algebra. We say A is in C; if the following
holds: For any finite subset 7 C A, any ¢ > 0, any a € A, \ {0} and any
n > 0, there exists a projection p € A and a C*-subalgebra B € Z(9) with
1g = p such that

llpa — ap|| < € for all a € F;

dist(pap, B) < € for all a € F;

—_— for all X
rankP(x) <7 tor all x €
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Definition
Let A be a unital simple C*-algebra. We say A is in C; if the following
holds: For any finite subset 7 C A, any ¢ > 0, any a € A, \ {0} and any
n > 0, there exists a projection p € A and a C*-subalgebra B € Z(9) with
1g = p such that

llpa — ap|| < € for all a € F;

dist(pap, B) < € for all a € F;

—_— for all X
rankP(x) <7 tor all x €

and

1-p<a
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Theorem

If A is a unital simple C*-algebra in Cq,

o & = E A
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Theorem

If A is a unital simple C*-algebra in Cq,
(1) then A has stable rank one;
(2) Ko(A) is weakly unperforated Riesz group;
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Theorem

If A is a unital simple C*-algebra in Cq,

(1) then A has stable rank one;

(2) Ko(A) is weakly unperforated Riesz group;
(3) Every quasi-trace extends to a tracial state;
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Theorem

If A is a unital simple C*-algebra in Cq,

(1) then A has stable rank one;

(2) Ko(A) is weakly unperforated Riesz group;
(3) Every quasi-trace extends to a tracial state;

(4) ra(9e(T(A))) = 0e(S(Ko(A)))-
Here ra: T(A) — S(Ko(A)) is the map induced by pa.

Theorem
Let A be a unital simple C*-algebra in C;.

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 16 / 31



Theorem

If A is a unital simple C*-algebra in Cq,

(1) then A has stable rank one;

(2) Ko(A) is weakly unperforated Riesz group;
(3) Every quasi-trace extends to a tracial state;

(4) ra(9e(T(A))) = 0e(S(Ko(A)))-

Here ra: T(A) — S(Ko(A)) is the map induced by pa.

Theorem

Let A be a unital simple C*-algebra in C1. Then A has the strict
comparison for positive elements.
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Lemma
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Lemma
projection.

Let A be a C*-algebra, a€ AL with0 < a<1andletp e A bea
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Lemma

Let A be a C*-algebra, a€ AL with0 < a<1andletp e A bea
projection.Let 1 > € > 0.
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Lemma

Let A be a C*-algebra, ac€ AL with0<a<1andletpec A bea
projection.Let 1 > € > 0.
Then

fe(a) < fzjae(pap + (1 — p)a(l — p)). (€0.2)
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Theorem

Let A and B be two unital simple C*-algebras in C1 such that both satisfy
the UCT.
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Theorem

Let A and B be two unital simple C*-algebras in C1 such that both satisfy
the UCT. Suppose that

(KO(A)7 KO(A)-I—: [1A]7 Kl(A), T(A), pA) =
(KO(B)7K0(B)+7[1B]?K1(B)7 T(B)apB)- (60.3)

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 18 / 31



Theorem

Let A and B be two unital simple C*-algebras in C1 such that both satisfy
the UCT. Suppose that
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Then A= B.
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Theorem

Let A and B be two unital simple C*-algebras in C1 such that both satisfy
the UCT. Suppose that

(KO(A)v KO(A)-H [1A]7 Kl(A), T(A), pA) =
(Ko(B), Ko(B)+ [18], Ki(B), T(B). ps)- (e0.3)

Then A= B.

Moreover, A is isomorphic to a unital simple AH-algebra with no
dimension growth.
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The proof is independent of Gong's decomposition theorem.

o & = E DA
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(In particular, the second part of the statement does not depend on
Gong's decomposition theorem).
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Gong's decomposition theorem).

We do not give an alternative proof of Gong's decomposition theorem.
We do not have a version of Gong's theorem for approximate multiplicative
maps,
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The proof is independent of Gong's decomposition theorem.

(In particular, the second part of the statement does not depend on
Gong's decomposition theorem).

We do not give an alternative proof of Gong's decomposition theorem.
We do not have a version of Gong's theorem for approximate multiplicative
maps, or, in other words, we are not able to answer Question 3.
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We have the following result
Theorem

Let X be a compact metric space, let F C C(X) be a finite subset and
let ¢ > 0 be a positive number.
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We have the following result
Theorem

Let X be a compact metric space, let F C C(X) be a finite subset and

let ¢ > 0 be a positive number. There exists 71 > 0 satisfying the
following:
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Let X be a compact metric space, let F C C(X) be a finite subset and
let ¢ > 0 be a positive number. There exists 71 > 0 satisfying the
following: for any o1 > 0, there exists 1, > 0 satisfying the following: for
any oo > 0, there exists 13 > 0 satisfying the following: for any o3 > 0,
there exists 14 > 0 satisfying the following: For any g4 > 0, there exists
71> 0,7 >0, >0, a finite subset G C C(X) and a finite subset

P C K(C(X)) a finite subset # C C(X) and a finite subset

U C Uc(Ki(C(X)))

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 20 /31



We have the following result

Theorem

Let X be a compact metric space, let F C C(X) be a finite subset and
let ¢ > 0 be a positive number. There exists 71 > 0 satisfying the
following: for any o1 > 0, there exists 1, > 0 satisfying the following: for
any oo > 0, there exists 13 > 0 satisfying the following: for any o3 > 0,
there exists 14 > 0 satisfying the following: For any g4 > 0, there exists
71> 0,7 >0, >0, a finite subset G C C(X) and a finite subset

P C K(C(X)) a finite subset # C C(X) and a finite subset

U C U(Ki1(C(X))) for which [U] C P satisfying the following:

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 20 /31



We have the following result

Theorem

Let X be a compact metric space, let F C C(X) be a finite subset and
let ¢ > 0 be a positive number. There exists 71 > 0 satisfying the
following: for any o1 > 0, there exists 1, > 0 satisfying the following: for
any oo > 0, there exists 13 > 0 satisfying the following: for any o3 > 0,
there exists 14 > 0 satisfying the following: For any g4 > 0, there exists
71> 0,7 >0, >0, a finite subset G C C(X) and a finite subset

P C K(C(X)) a finite subset # C C(X) and a finite subset

U C Uc(K1(C(X))) for which [U] C P satisfying the following: For any
two unital J-G-multiplicative contractive completely positive linear maps
¢, ¥ = C(X) = Ma(C([0,1])
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We have the following result

Theorem

Let X be a compact metric space, let F C C(X) be a finite subset and
let ¢ > 0 be a positive number. There exists 71 > 0 satisfying the
following: for any o1 > 0, there exists 1, > 0 satisfying the following: for
any oo > 0, there exists 13 > 0 satisfying the following: for any o3 > 0,
there exists 14 > 0 satisfying the following: For any g4 > 0, there exists
71> 0,7 >0, >0, a finite subset G C C(X) and a finite subset

P C K(C(X)) a finite subset # C C(X) and a finite subset

U C Uc(K1(C(X))) for which [U] C P satisfying the following: For any
two unital J-G-multiplicative contractive completely positive linear maps
¢, C(X) = Mp(C([0,1]) such that

[Bllp = [¥]lp = [H]lp (e0.4)
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We have the following result

Theorem

Let X be a compact metric space, let F C C(X) be a finite subset and
let ¢ > 0 be a positive number. There exists 71 > 0 satisfying the
following: for any o1 > 0, there exists 1, > 0 satisfying the following: for
any oo > 0, there exists 13 > 0 satisfying the following: for any o3 > 0,
there exists 14 > 0 satisfying the following: For any g4 > 0, there exists
71> 0,7 >0, >0, a finite subset G C C(X) and a finite subset

P C K(C(X)) a finite subset # C C(X) and a finite subset

U C Uc(K1(C(X))) for which [U] C P satisfying the following: For any
two unital J-G-multiplicative contractive completely positive linear maps
¢, C(X) = Mp(C([0,1]) such that

[0llp = [¥]l» = [H]l» (€0.4)
for some unital homomorphism h: C(X) — M,(C([0,1])),
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We have the following result

Theorem

Let X be a compact metric space, let F C C(X) be a finite subset and
let ¢ > 0 be a positive number. There exists 71 > 0 satisfying the
following: for any o1 > 0, there exists 1, > 0 satisfying the following: for
any oo > 0, there exists 13 > 0 satisfying the following: for any o3 > 0,
there exists 14 > 0 satisfying the following: For any g4 > 0, there exists
71> 0,7 >0, >0, a finite subset G C C(X) and a finite subset

P C K(C(X)) a finite subset # C C(X) and a finite subset

U C Uc(K1(C(X))) for which [U] C P satisfying the following: For any
two unital J-G-multiplicative contractive completely positive linear maps
¢, C(X) = Mp(C([0,1]) such that

[0llp = [¥]l» = [H]l» (€0.4)
for some unital homomorphism h: C(X) — M,(C([0,1])),

:U"rozi)(or) > oj, M‘rod)(or) > oj, (60-5)
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for all 7 € T(M,(C([0,1]))) and for all r > n;, i =1,2,3,

o & = E A
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for all 7 € T(M,n(C([0,1]))) and for all r > n;, i =1,2,3,

|Tod(g) —To(g)] <71 for all g € H and (e0.6)

dist((p(u)), (¥(u))) < 2 for all ueld, (e0.7)
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for all 7 € T(M,n(C([0,1]))) and for all r > n;, i =1,2,3,

|Tod(g) —To(g)] <71 for all g € H and (e0.6)

dist((p(u)), (¥(u))) < 2 for all ueld, (e0.7)

there exists a unitary W € M,(C([0,1]))
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for all 7 € T(M,n(C([0,1]))) and for all r > n;, i =1,2,3,

|Tod(g) —To(g)] <71 for all g € H and (e0.6)

dist((p(u)), (¥(u))) < 2 for all ueld, (e0.7)

there exists a unitary W € M,(C([0,1])) such that

[W(FYW* — o(F)|| < € for all e F. (e0.8)
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Roughly, it states that,

o & = E A
Huaxin Lin Department of Mathematics Univ( Locally AH-algberas



Roughly, it states that,
Suppose that ¢, : C(X) — C([0,1], M,,) are two approximately
multiplicative maps which are “rigid”,
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Roughly, it states that,

Suppose that ¢, : C(X) — C([0,1], M,,) are two approximately
multiplicative maps which are “rigid”, suppose that ¢ and v induce the
same partial map on KK as a homomorphism,
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Roughly, it states that,

Suppose that ¢, : C(X) — C([0,1], M,,) are two approximately
multiplicative maps which are “rigid”, suppose that ¢ and v induce the
same partial map on KK as a homomorphism, suppose that also they
induce very close maps on traces
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Roughly, it states that,

Suppose that ¢, : C(X) — C([0,1], M,,) are two approximately
multiplicative maps which are “rigid”, suppose that ¢ and ¢ induce the
same partial map on KK as a homomorphism, suppose that also they
induce very close maps on traces and they induce the very close maps on

U(c(x))/cu(c(x)),
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Roughly, it states that,

Suppose that ¢, : C(X) — C([0,1], M,,) are two approximately
multiplicative maps which are “rigid”, suppose that ¢ and ¢ induce the
same partial map on KK as a homomorphism, suppose that also they
induce very close maps on traces and they induce the very close maps on
U(C(X))/CU(C(X)), then they are "approximately” unitarily equivalent.
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Roughly, it states that,

Suppose that ¢, : C(X) — C([0,1], M,,) are two approximately
multiplicative maps which are “rigid”, suppose that ¢ and ¢ induce the
same partial map on KK as a homomorphism, suppose that also they
induce very close maps on traces and they induce the very close maps on
U(C(X))/CU(C(X)), then they are "approximately” unitarily equivalent.
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Theorem

Let X be a compact metric space.

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 23 /31



Theorem

Let X be a compact metric space.For any € > 0 and any finite subset
F C C(X),
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Theorem

Let X be a compact metric space.For any € > 0 and any finite subset
F C C(X), there exists n > 0 satisfying the following:

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 23 /31



Theorem

Let X be a compact metric space.For any € > 0 and any finite subset
F C C(X), there exists n > 0 satisfying the following: For any o > 0,
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Theorem

Let X be a compact metric space.For any € > 0 and any finite subset

F C C(X), there exists n > 0 satisfying the following: For any o > 0,
there exists § > 0,
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Theorem

Let X be a compact metric space.For any € > 0 and any finite subset
F C C(X), there exists n > 0 satisfying the following: For any o > 0,
there exists 6 > 0, a finite subset G C C(X)
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Theorem

Let X be a compact metric space.For any e > 0 and any finite subset
F C C(X), there exists n > 0 satisfying the following: For any o > 0,

there exists 6 > 0, a finite subset G C C(X) and a finite subset
P C K(C(X))
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Theorem

Let X be a compact metric space.For any e > 0 and any finite subset
F C C(X), there exists n > 0 satisfying the following: For any o > 0,
there exists 6 > 0, a finite subset G C C(X) and a finite subset

P C K(C(X)) satisfying the following:
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Theorem

Let X be a compact metric space.For any ¢ > 0 and any finite subset

F C C(X), there exists n > 0 satisfying the following: For any o > 0,
there exists 6 > 0, a finite subset G C C(X) and a finite subset

P C K(C(X)) satisfying the following:Suppose that ¢ : C(X) — M, is a
unital homomorphism
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Theorem

Let X be a compact metric space.For any ¢ > 0 and any finite subset

F C C(X), there exists n > 0 satisfying the following: For any o > 0,
there exists 6 > 0, a finite subset G C C(X) and a finite subset

P C K(C(X)) satisfying the following:Suppose that ¢ : C(X) — M, is a
unital homomorphism such that

Mtrod)(or) >0
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Theorem

Let X be a compact metric space.For any ¢ > 0 and any finite subset

F C C(X), there exists n > 0 satisfying the following: For any o > 0,
there exists 6 > 0, a finite subset G C C(X) and a finite subset

P C K(C(X)) satisfying the following:Suppose that ¢ : C(X) — M, is a
unital homomorphism such that

ﬂtrod)(or) >0

for all open ball O, with radius r > n.
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Theorem

Let X be a compact metric space.For any ¢ > 0 and any finite subset

F C C(X), there exists n > 0 satisfying the following: For any o > 0,
there exists 6 > 0, a finite subset G C C(X) and a finite subset

P C K(C(X)) satisfying the following:Suppose that ¢ : C(X) — M, is a
unital homomorphism such that

Mtrod)(or) >0

for all open ball O, with radius r > n. If u € M, is a unitary
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Theorem

Let X be a compact metric space.For any ¢ > 0 and any finite subset

F C C(X), there exists n > 0 satisfying the following: For any o > 0,
there exists 6 > 0, a finite subset G C C(X) and a finite subset

P C K(C(X)) satisfying the following:Suppose that ¢ : C(X) — M, is a
unital homomorphism such that

Mtrod)(or) >0
for all open ball O, with radius r > n. If u € M,, is a unitary such that

[u, d(g)]l| <6 for all g € G and Bott(h, u)|p =0,
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Theorem

Let X be a compact metric space.For any ¢ > 0 and any finite subset

F C C(X), there exists n > 0 satisfying the following: For any o > 0,
there exists 6 > 0, a finite subset G C C(X) and a finite subset

P C K(C(X)) satisfying the following:Suppose that ¢ : C(X) — M, is a
unital homomorphism such that

Mtrod)(or) >0
for all open ball O, with radius r > n. If u € M,, is a unitary such that
I[u, &(g)]l| <6 for all g € G and Bott(h, u)|p =0,

then there exists a continuous rectifiable path of unitaries {u; : t € [0, 1]}
of M,
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Theorem

Let X be a compact metric space.For any ¢ > 0 and any finite subset

F C C(X), there exists n > 0 satisfying the following: For any o > 0,
there exists 6 > 0, a finite subset G C C(X) and a finite subset

P C K(C(X)) satisfying the following:Suppose that ¢ : C(X) — M, is a
unital homomorphism such that

Mtrod)(or) >0
for all open ball O, with radius r > n. If u € M,, is a unitary such that
I[u, &(g)]l| <6 for all g € G and Bott(h, u)|p =0,

then there exists a continuous rectifiable path of unitaries {u; : t € [0, 1]}
of M,such that

up=1,u1 =14 and ||[h(f), ue]|| < €
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Theorem

Let X be a compact metric space.For any ¢ > 0 and any finite subset

F C C(X), there exists n > 0 satisfying the following: For any o > 0,
there exists 6 > 0, a finite subset G C C(X) and a finite subset

P C K(C(X)) satisfying the following:Suppose that ¢ : C(X) — M, is a
unital homomorphism such that

Mtrod)(or) >0
for all open ball O, with radius r > n. If u € M,, is a unitary such that
I[u, &(g)]l| <6 for all g € G and Bott(h, u)|p =0,

then there exists a continuous rectifiable path of unitaries {u; : t € [0, 1]}
of M,such that

up=1,u1 =14 and ||[h(f), ue]|| < €

for all f € F and t € [0,1].
June 22nd, 2011, Shanghai 23 / 31




Theorem

Let X be a compact metric space.For any ¢ > 0 and any finite subset

F C C(X), there exists n > 0 satisfying the following: For any o > 0,
there exists 6 > 0, a finite subset G C C(X) and a finite subset

P C K(C(X)) satisfying the following:Suppose that ¢ : C(X) — M, is a
unital homomorphism such that

Mtrod)(or) >0
for all open ball O, with radius r > n. If u € M,, is a unitary such that
I[u, &(g)]l| <6 for all g € G and Bott(h, u)|p =0,

then there exists a continuous rectifiable path of unitaries {u; : t € [0, 1]}
of M,such that

up=1,u1 =14 and ||[h(f), ue]|| < €

for all f € F and t € [0, 1]. Moreover,
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Lemma

Let u € CU(Mn(C([0,1])) be a unitary

o & = E A
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Lemma

Let u € CU(Mn(C([0,1])) be a unitarysuch that

|lu(0)u(t)* —1|| <1 for all t € ]0,1].

(e0.9)

it
D

o & = wa
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Lemma

Let u € CU(M,(C([0,1])) be a unitarysuch that
|lu(O)u(t)" —1|| <1 for all t € [0,1]. (e0.9)

Suppose that u(0)u(1)* = exp(v/—1h) with ||h|| < 2arcsin(1/2).
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Lemma

Let u € CU(M,(C([0,1])) be a unitarysuch that
|lu(O)u(t)" —1|| <1 for all t € [0,1]. (e0.9)

Suppose that u(0)u(1)* = exp(v/—1h) with ||h|| < 2arcsin(1/2). Then

Tr(h) = 0.
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Proof.
Write u = exp(v/—1a),
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Proof.
Write u = exp(v/—1a), where a € M,(C([0,1]) is a selfadjoint element.
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Proof.

Write u = exp(v/—1a), where a € M,(C([0,1]) is a selfadjoint element.
It follows that

(%)Tr(a(t)) €z
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Proof.

Write u = exp(v/—1a), where a € M,(C([0,1]) is a selfadjoint element.
It follows that

(%)Tr(a(t)) €z

Therefore Tr(a(t)) is a constant.
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Proof.

Write u = exp(v/—1a), where a € M,(C([0,1]) is a selfadjoint element.

It follows that 1
— )T 7.
(27r) r(a(t)) €

Therefore Tr(a(t)) is a constant.There exists a selfadjoint element
b e M,(C([0,1])
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Proof.

Write u = exp(v/—1a), where a € M,(C([0,1]) is a selfadjoint element.

It follows that 1
— )T 7.
(27r) r(a(t)) €

Therefore Tr(a(t)) is a constant. There exists a selfadjoint element
b € M,(C([0,1]) such that

u(0)u(t)* = exp(v/—1b(t)) and ||b| < 2arcsin(1/2).
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Proof.

Write u = exp(v/—1a), where a € M,(C([0,1]) is a selfadjoint element.
It follows that 1

— )T Z.

(5 )Tx(a(t)) €

Therefore Tr(a(t)) is a constant. There exists a selfadjoint element
b € M,(C([0,1]) such that

u(0)u(t)* = exp(v/—1b(t)) and ||b| < 2arcsin(1/2).

However, u(0)u(t)* € CU(M,(C([0,1])).

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 25 /31



Proof.

Write u = exp(v/—1a), where a € M,(C([0,1]) is a selfadjoint element.

It follows that 1
— )T 7.
(27r) r(a(t)) €

Therefore Tr(a(t)) is a constant.There exists a selfadjoint element
b € M,(C([0,1]) such that

u(0)u(t)* = exp(v/—1b(t)) and ||b| < 2arcsin(1/2).

However, u(0)u(t)* € CU(M,(C([0,1])). Thus, from what have been
proved above,
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Proof.

Write u = exp(v/—1a), where a € M,(C([0,1]) is a selfadjoint element.

It follows that 1

(5-)Tx(a(e)) € Z.

™

Therefore Tr(a(t)) is a constant.There exists a selfadjoint element
b € M,(C([0,1]) such that

u(0)u(t)* = exp(v/—1b(t)) and ||b| < 2arcsin(1/2).

However, u(0)u(t)* € CU(M,(C([0,1])). Thus, from what have been
proved above, (5= )Tr(b(t)) is a constant.
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Proof.

Write u = exp(v/—1a), where a € M,(C([0,1]) is a selfadjoint element.

It follows that 1

(5-)Tx(a(e)) € Z.

™

Therefore Tr(a(t)) is a constant.There exists a selfadjoint element
b € M,(C([0,1]) such that

u(0)u(t)* = exp(v/—1b(t)) and ||b| < 2arcsin(1/2).

However, u(0)u(t)* € CU(M,(C([0,1])). Thus, from what have been
proved above, (5= )Tr(b(t)) is a constant. Since b(0) = 0,
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Proof.

Write u = exp(v/—1a), where a € M,(C([0,1]) is a selfadjoint element.

It follows that 1

(5-)Tx(a(e)) € Z.

™

Therefore Tr(a(t)) is a constant.There exists a selfadjoint element
b € M,(C([0,1]) such that

u(0)u(t)* = exp(v/—1b(t)) and ||b| < 2arcsin(1/2).

However, u(0)u(t)* € CU(M,(C([0,1])). Thus, from what have been
proved above, (5= )Tr(b(t)) is a constant. Since b(0) = 0,

(%)Tr(b(t)) 0 for all t€[0,1]
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Proof.

Write u = exp(v/—1a), where a € M,(C([0,1]) is a selfadjoint element.

It follows that 1

(5-)Tr(a(2)) € Z.

Therefore Tr(a(t)) is a constant. There exists a selfadjoint element
b € Mp(C([0,1]) such that

u(0)u(t)* = exp(v/—1b(t)) and ||b|| < 2arcsin(1/2).

However, u(0)u(t)* € CU(M,(C([0,1])). Thus, from what have been
proved above, (5= )Tr(b(t)) is a constant. Since b(0) = 0,

(%)T&r(b(t)) 0 for all te0,1].

Note that h = b(1).
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Proof.

Write u = exp(v/—1a), where a € M,(C([0,1]) is a selfadjoint element.

It follows that 1

(5-)Tr(a(2)) € Z.

Therefore Tr(a(t)) is a constant. There exists a selfadjoint element
b € Mp(C([0,1]) such that

u(0)u(t)* = exp(v/—1b(t)) and ||b|| < 2arcsin(1/2).

However, u(0)u(t)* € CU(M,(C([0,1])). Thus, from what have been
proved above, (5= )Tr(b(t)) is a constant. Since b(0) = 0,

(%)T&r(b(t)) 0 for all te0,1].

Note that h = b(1). Therefore
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Let X be a compact metric space

o & = E A
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,o A(t) = 0.
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
be a finite subset.
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
be a finite subset. Then there exists n > 0, § > 0,
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
be a finite subset. Then there exists n > 0, § > 0, a finite subset

G C C(X),
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
be a finite subset. Then there exists n > 0, § > 0, a finite subset

G C C(X), a finite subset H C C(X)s.a.,
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
be a finite subset. Then there exists n > 0, § > 0, a finite subset
G C C(X), a finite subset H C C(X)s.a., a finite subset P C K(C(X)),
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
be a finite subset. Then there exists n > 0, § > 0, a finite subset

G C C(X), a finite subset H C C(X)s.a., a finite subset P C K(C(X)), a

finite subset U C U.(K1(C(X))),
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
be a finite subset. Then there exists n > 0, § > 0, a finite subset

G C C(X), a finite subset H C C(X)s.a., a finite subset P C K(C(X)), a
finite subset U C U.(K1(C(X))), 71 > 0 and 72 > 0 satisfying the
following:
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
be a finite subset. Then there exists n > 0, § > 0, a finite subset

G C C(X), a finite subset H C C(X)s.a., a finite subset P C K(C(X)), a
finite subset U C U.(K1(C(X))), 71 > 0 and 72 > 0 satisfying the
following: Suppose that L, Ly : C(X) — A are two unital
0-G-multiplicative contractive completely positive linear maps for some
unital simple C*-algebra A of tracial rank at most one
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
be a finite subset. Then there exists n > 0, § > 0, a finite subset

G C C(X), a finite subset H C C(X)s.a., a finite subset P C K(C(X)), a
finite subset U C U.(K1(C(X))), 71 > 0 and 72 > 0 satisfying the
following: Suppose that L, Ly : C(X) — A are two unital
0-G-multiplicative contractive completely positive linear maps for some
unital simple C*-algebra A of tracial rank at most one such that

L]lp = [Lo]lp, (€0.10)
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
be a finite subset. Then there exists n > 0, § > 0, a finite subset

G C C(X), a finite subset H C C(X)s.a., a finite subset P C K(C(X)), a
finite subset U C U.(K1(C(X))), 71 > 0 and 72 > 0 satisfying the
following: Suppose that L, Ly : C(X) — A are two unital
0-G-multiplicative contractive completely positive linear maps for some
unital simple C*-algebra A of tracial rank at most one such that

[Li]lp = [La]lp, (e0.10)
7o Li(h) —TolLa(h)| < =1 for all heH, (e0.11)
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
be a finite subset. Then there exists n > 0, § > 0, a finite subset

G C C(X), a finite subset H C C(X)s.a., a finite subset P C K(C(X)), a
finite subset U C U.(K1(C(X))), 71 > 0 and 72 > 0 satisfying the
following: Suppose that L, Ly : C(X) — A are two unital
0-G-multiplicative contractive completely positive linear maps for some
unital simple C*-algebra A of tracial rank at most one such that

[Lllp = [Lo]lp, (e0.10)
7o Ly(h) — ToLa(h)| < =~ for all heH, (e0.11)
dist((L1(uv)), (L2(u))) < 2 for all uelU (e0.12)

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 26 / 31



Let X be a compact metric space and let A : (0,1) — (0,1) be a
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G C C(X), a finite subset H C C(X)s.a., a finite subset P C K(C(X)), a
finite subset U C U.(K1(C(X))), 71 > 0 and 72 > 0 satisfying the
following: Suppose that L, Ly : C(X) — A are two unital
0-G-multiplicative contractive completely positive linear maps for some
unital simple C*-algebra A of tracial rank at most one such that

[Lilp = [L]lp, (¢0.10)

7o Ly(h) — ToLa(h)| < =~ for all heH, (e0.11)
dist((L1(v)), (L2(u))) < =2 for all uel (e0.12)
prot,(Or) > A(r) (e0.13)
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
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G C C(X), a finite subset H C C(X)s.a., a finite subset P C K(C(X)), a
finite subset U C U.(K1(C(X))), 71 > 0 and 72 > 0 satisfying the
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0-G-multiplicative contractive completely positive linear maps for some
unital simple C*-algebra A of tracial rank at most one such that

[Lilp = [L]lp, (¢0.10)

7o Ly(h) — ToLa(h)| < =~ for all heH, (e0.11)
dist((L1(v)), (L2(u))) < =2 for all uel (e0.12)
prot,(Or) > A(r) (e0.13)

for all 7 € T(A)
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
be a finite subset. Then there exists n > 0, § > 0, a finite subset

G C C(X), a finite subset H C C(X)s.a., a finite subset P C K(C(X)), a
finite subset U C U.(K1(C(X))), 71 > 0 and 72 > 0 satisfying the
following: Suppose that L, Ly : C(X) — A are two unital
0-G-multiplicative contractive completely positive linear maps for some
unital simple C*-algebra A of tracial rank at most one such that

[Lilp = [L]lp, (¢0.10)

7o Ly(h) — ToLa(h)| < =~ for all heH, (e0.11)
dist((L1(v)), (L2(u))) < =2 for all uel (e0.12)
prot,(Or) > A(r) (e0.13)

for all 7 € T(A) and for all r > n.
Then there exists a unitary W € A
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Let X be a compact metric space and let A : (0,1) — (0,1) be a
non-decreasing function with lim;_,0 A(t) = 0. Let ¢ > 0 and F C C(X)
be a finite subset. Then there exists n > 0, § > 0, a finite subset

G C C(X), a finite subset H C C(X)s.a., a finite subset P C K(C(X)), a
finite subset U C U.(K1(C(X))), 71 > 0 and 72 > 0 satisfying the
following: Suppose that L, Ly : C(X) — A are two unital
0-G-multiplicative contractive completely positive linear maps for some
unital simple C*-algebra A of tracial rank at most one such that

[Lilp = [L]lp, (¢0.10)
70 Ly(h) —ToLy(h)| < =~ for all heH, (e0.11)
dist((L1(v)), (L2(u))) < =2 for all uel (e0.12)
prot,(Or) > A(r) (e0.13)
for all 7 € T(A) and for all r > n.
Then there exists a unitary W € A such that
|Ad W o Li(f) — Lo(f)|| < € for all feF. (e0.14)
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Here (L1) is a partial map from U(Muo(C(X)))/CU(Muso(C(X))) to
U(A)/CU(A).

Perhaps, the following is easy to read:

Theorem

Let C be a unital AH-algebra
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Here (L1) is a partial map from U(Muo(C(X)))/CU(Muso(C(X))) to
U(A)/CU(A).

Perhaps, the following is easy to read:

Theorem

Let C be a unital AH-algebra and let A be a unital separable simple
C*-algebra with TR(A) < 1.
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Here (L) is a partial map from U(Ma.(C(X)))/CU(My(C(X))) to
U(A)/CU(A).

Perhaps, the following is easy to read:

Theorem

Let C be a unital AH-algebra and let A be a unital separable simple
C*-algebra with TR(A) < 1. Suppose that ¢, : C — A are two unital
monomorphisms.
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Here (L) is a partial map from U(Mx(C(X)))/CU(Ms(C(X))) to
U(A)/CU(A).

Perhaps, the following is easy to read:

Theorem

Let C be a unital AH-algebra and let A be a unital separable simple
C*-algebra with TR(A) < 1. Suppose that ¢, : C — A are two unital
monomorphisms. Then ¢ and 1 are approximately unitarily equivalent
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Here (L) is a partial map from U(Mx(C(X)))/CU(Ms(C(X))) to
U(A)/CU(A).

Perhaps, the following is easy to read:

Theorem

Let C be a unital AH-algebra and let A be a unital separable simple
C*-algebra with TR(A) < 1. Suppose that ¢, : C — A are two unital
monomorphisms. Then ¢ and i are approximately unitarily equivalent if
and only if

[l = [¥] in KL(C,A) (0.15)
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Here (L) is a partial map from U(Mx(C(X)))/CU(Ms(C(X))) to
U(A)/CU(A).

Perhaps, the following is easy to read:

Theorem

Let C be a unital AH-algebra and let A be a unital separable simple
C*-algebra with TR(A) < 1. Suppose that ¢, : C — A are two unital
monomorphisms. Then ¢ and i are approximately unitarily equivalent if
and only if

[¢] = [¢] in KL(C,A) (e0.15)
¢ = 1y and (e0.16)
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Here (L) is a partial map from U(Mx(C(X)))/CU(Ms(C(X))) to
U(A)/CU(A).

Perhaps, the following is easy to read:

Theorem

Let C be a unital AH-algebra and let A be a unital separable simple
C*-algebra with TR(A) < 1. Suppose that ¢, : C — A are two unital
monomorphisms. Then ¢ and i are approximately unitarily equivalent if
and only if

[¢] = [¢] in KL(C,A) (e0.15)
¢ = 1y and (e0.16)
¢t = ol (e0.17)

v
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Let A be a unital separable simple C*-algebra in C;

o & = E DA
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Let A be a unital separable simple C*-algebra in C; and let B be a unital
separable simple C*-algebra with TR(A) < 1.
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Let A be a unital separable simple C*-algebra in C; and let B be a unital
separable simple C*-algebra with TR(A) < 1. Suppose that both A and B
satisfy the UCT and they have the same Elliott invariant.
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Let A be a unital separable simple C*-algebra in C; and let B be a unital
separable simple C*-algebra with TR(A) < 1. Suppose that both A and B
satisfy the UCT and they have the same Elliott invariant.

We show that A= B.
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Let A be a unital separable simple C*-algebra in C; and let B be a unital
separable simple C*-algebra with TR(A) < 1. Suppose that both A and B
satisfy the UCT and they have the same Elliott invariant.

We show that A = B. Note, in particular, A could be a locally
AH-algebra with slow dimension growth,
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Let A be a unital separable simple C*-algebra in C; and let B be a unital
separable simple C*-algebra with TR(A) < 1. Suppose that both A and B
satisfy the UCT and they have the same Elliott invariant.

We show that A = B. Note, in particular, A could be a locally
AH-algebra with slow dimension growth, or A could be an AH-algebra
with no dimension growth.
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Let A be a unital separable simple C*-algebra in C; and let B be a unital
separable simple C*-algebra with TR(A) < 1. Suppose that both A and B
satisfy the UCT and they have the same Elliott invariant.

We show that A = B. Note, in particular, A could be a locally
AH-algebra with slow dimension growth, or A could be an AH-algebra
with no dimension growth.

The process of the proof is to apply the Elliott approximate intertwining.
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Let A be a unital separable simple C*-algebra in C; and let B be a unital
separable simple C*-algebra with TR(A) < 1. Suppose that both A and B
satisfy the UCT and they have the same Elliott invariant.

We show that A = B. Note, in particular, A could be a locally
AH-algebra with slow dimension growth, or A could be an AH-algebra
with no dimension growth.

The process of the proof is to apply the Elliott approximate intertwining.
So we also need two existence theorems.
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Lemma

Let C be a unital separable simple amenable C*-algebra in C1 which
satisfies the UCT
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Lemma

Let C be a unital separable simple amenable C*-algebra in C1 which

satisfies the UCT and let A be a unital simple C*-algebra with
TR(A) <1

V.
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Lemma

Let C be a unital separable simple amenable C*-algebra in C1 which
satisfies the UCT and let A be a unital simple C*-algebra with
TR(A) <1 such that K1(C) = Ki(A).

V.
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Lemma

Let C be a unital separable simple amenable C*-algebra in C1 which
satisfies the UCT and let A be a unital simple C*-algebra with

TR(A) <1 such that K1(C) = K1(A). Suppose that k € KLe(C, A)™"
so that K|K1(C) is an isomorphism,

V.
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Lemma

Let C be a unital separable simple amenable C*-algebra in C1 which
satisfies the UCT and let A be a unital simple C*-algebra with

TR(A) <1 such that K1(C) = K1(A). Suppose that k € KLe(C, A)™"
so that K|k, (c) is an isomorphism, and ~: T(A) — T(C) is an affine
continuous map which is compatible with k.

V.
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Lemma

Let C be a unital separable simple amenable C*-algebra in C1 which
satisfies the UCT and let A be a unital simple C*-algebra with

TR(A) <1 such that K1(C) = K1(A). Suppose that k € KLe(C, A)™"
so that K|k, (c) is an isomorphism, and ~: T(A) — T(C) is an affine
continuous map which is compatible with k. Suppose also that

A Ki(C) — Aff(T(A))/pa(Ko(A)) is a homomorphism.

v
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Lemma

Let C be a unital separable simple amenable C*-algebra in C1 which
satisfies the UCT and let A be a unital simple C*-algebra with

TR(A) <1 such that K1(C) = K1(A). Suppose that k € KLe(C, A)™"
so that K|k, (c) is an isomorphism, and ~: T(A) — T(C) is an affine
continuous map which is compatible with k. Suppose also that

A Ki(C) — Aff(T(A))/pa(Ko(A)) is a homomorphism. Then there exists
a sequence of unital contractive completely positive linear maps

V,:C— A

v
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Lemma

Let C be a unital separable simple amenable C*-algebra in C1 which
satisfies the UCT and let A be a unital simple C*-algebra with

TR(A) <1 such that K1(C) = K1(A). Suppose that k € KLe(C, A)™"
so that K|k, (c) is an isomorphism, and~ : T(A) — T(C) is an affine
continuous map which is compatible with k. Suppose also that

A Ki(C) — Aff(T(A))/pa(Ko(A)) is a homomorphism. Then there exists
a sequence of unital contractive completely positive linear maps

V,: C — A such that

[{Va}] = &,

v
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Lemma

Let C be a unital separable simple amenable C*-algebra in C1 which
satisfies the UCT and let A be a unital simple C*-algebra with

TR(A) <1 such that K1(C) = K1(A). Suppose that k € KLo(C,A)™™
so that K|k, (c) is an isomorphism, and~ : T(A) — T(C) is an affine
continuous map which is compatible with k. Suppose also that

A Ki(C) — Aff(T(A))/pa(Ko(A)) is a homomorphism. Then there exists
a sequence of unital contractive completely positive linear maps

V,: C — A such that

[{Va}] = &,

lim sup |roWs(g)—~(7)(g)|} =0 for all g € As.a,
=00 1 T(A)
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Lemma

Let C be a unital separable simple amenable C*-algebra in C1 which
satisfies the UCT and let A be a unital simple C*-algebra with

TR(A) <1 such that K1(C) = K1(A). Suppose that k € KLo(C,A)™™
so that K|k, (c) is an isomorphism, and~ : T(A) — T(C) is an affine
continuous map which is compatible with k. Suppose also that

A Ki(C) — Aff(T(A))/pa(Ko(A)) is a homomorphism. Then there exists
a sequence of unital contractive completely positive linear maps

V,: C — A such that

[{Va}] = &,

lim sup |roWs(g)—~(7)(g)|} =0 for all g € As.a,
=00 1 T(A)

ILm |lWh(ab) — W,(a)W,(b)|| =0 for all a,be C and
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Lemma

Let C be a unital separable simple amenable C*-algebra in C1 which
satisfies the UCT and let A be a unital simple C*-algebra with

TR(A) <1 such that K1(C) = K1(A). Suppose that k € KLo(C,A)™™
so that K|k, (c) is an isomorphism, and~ : T(A) — T(C) is an affine
continuous map which is compatible with k. Suppose also that

A Ki(C) — Aff(T(A))/pa(Ko(A)) is a homomorphism. Then there exists
a sequence of unital contractive completely positive linear maps

V,: C — A such that

[{Va}] = &,

lim sup |roWs(g)—~(7)(g)|} =0 for all g € As.a,
=00 1 T(A)

ILm |lWh(ab) — W,(a)W,(b)|| =0 for all a,be C and
for each x € Ki(C), (V,)T(x) = A(x)

for all sufficiently large n.
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Theorem

Let C be a unital simple AH-algebras with TR(A) <1
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Theorem

Let C be a unital simple AH-algebras with TR(A) <1 and let A be a
unital simple C*-algebra in C;.
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Theorem

Let C be a unital simple AH-algebras with TR(A) <1 and let A be a
unital simple C*-algebra in C1. Suppose that € KLo(C,A)™™,
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Theorem

Let C be a unital simple AH-algebras with TR(A) <1 and let A be a
unital simple C*-algebra in C1. Suppose that € KLo(C,A)™™,
v : T(A) — T(C) is an affine continuous map which are compatible
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Theorem
Let C be a unital simple AH-algebras with TR(A) <1 and let A be a
unital simple C*-algebra in C1. Suppose that € KLo(C,A)™™,

v : T(A) — T(C) is an affine continuous map which are compatible and
n: Ki(C) — Aff(T(A))/pa(Ko(A)) is a homomorphism.
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Theorem

Let C be a unital simple AH-algebras with TR(A) <1 and let A be a
unital simple C*-algebra in C1. Suppose that € KLo(C,A)™™,

v : T(A) — T(C) is an affine continuous map which are compatible and
n: Ki(C) — Aff(T(A))/pa(Ko(A)) is a homomorphism. Then there
exists a sequence of unital contractive completely positive linear map
L,:C— A
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Theorem

Let C be a unital simple AH-algebras with TR(A) <1 and let A be a
unital simple C*-algebra in C1. Suppose that € KLo(C,A)™™,

v : T(A) — T(C) is an affine continuous map which are compatible and
n: Ki(C) — Aff(T(A))/pa(Ko(A)) is a homomorphism. Then there
exists a sequence of unital contractive completely positive linear map

L,: C— A such that

{lLal} = =,
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Theorem

Let C be a unital simple AH-algebras with TR(A) <1 and let A be a
unital simple C*-algebra in C1. Suppose that € KLo(C,A)™™,

v : T(A) — T(C) is an affine continuous map which are compatible and
n: Ki(C) — Aff(T(A))/pa(Ko(A)) is a homomorphism. Then there
exists a sequence of unital contractive completely positive linear map

L,: C— A such that

{lLal} = =,

lim sup |7oLy(c)—~(7)(c)] = 0 for all c € Cs, and
=0 T (A)
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Theorem

Let C be a unital simple AH-algebras with TR(A) <1 and let A be a
unital simple C*-algebra in C1. Suppose that € KLo(C,A)™™,

v : T(A) — T(C) is an affine continuous map which are compatible and
n: Ki(C) — Aff(T(A))/pa(Ko(A)) is a homomorphism. Then there
exists a sequence of unital contractive completely positive linear map

L,: C— A such that

{lLal} = =,

lim sup |7oLy(c)—~(7)(c)] = 0 for all c € Cs, and
0 reT(A)
Ii_)m |Ln(ab) — Lp(a)Ln(b)|| = O for all a,b e C and
n—oo

Huaxin Lin Department of Mathematics Univ( Locally AH-algberas June 22nd, 2011, Shanghai 30 /31



Theorem

Let C be a unital simple AH-algebras with TR(A) <1 and let A be a
unital simple C*-algebra in C1. Suppose that € KLo(C,A)™™,

v : T(A) — T(C) is an affine continuous map which are compatible and
n: Ki(C) — Aff(T(A))/pa(Ko(A)) is a homomorphism. Then there
exists a sequence of unital contractive completely positive linear map

L,: C— A such that

{lLal} = =,
lim sup |7oLy(c)—~(7)(c)] = 0 for all c € Cs, and
0 reT(A)
Ii_)m |Ln(ab) — Lp(a)Ln(b)|| = O for all a,b e C and
n—oo

Tim dist(n([u]), (La(u))') = 0 for all u€ Ue(Ka(C)).
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Thank you for listening!
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